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1. INTRODUCTION 
This paper continues part of the investigation begun in [3], henceforth 
referred to as HLS, into the structure of the algebras arising from the relax- 
ation of the 2-cocycle condition of Galois cohomology. Specifically let K/F 
be a finite Galois extension of fields and let G = Gal(K/F). A weak 2-cocycle 
is a map f: G x G --+ K such that for all u, t, y E G we have f”(r, y) 
f(o, ry) = f(a, r) f(ar, r) and f( 1, a) = f(a, 1) = 1. The difference between 
these and the usual 2cocycles is that the weak 2-cocycle is allowed to take 
on the value zero. Two weak cocycles f and g are called cohomologous, 
written f N g, if as in the classical theory there is a function a: G -+ KX such 
that f(o, r> = (a(o) a(~>“/a(~~)>s( u r , ) f or all u, t E G. Associated to a weak 
cocycle f there is an F-algebra A, defined as follows: For each u E G 
introduce a one-dimensional left K-space Kx, generated by the indeterminate 
x,. Let A,= OoeG Kx, as a left K-vector space and multiply subject to the 
rules x,k = u(k) X, for all u E G, k E K and x,x,=f(u, r) x,,for all u, r E G. 
The cocycle condition guarantees that A, is an associative F-algebra with 
unit element x, and center Fx, (which we identify with F). Two cocycles f 
and g are cohomologous if and only if there is an F-algebra isomorphism 
$:Af+A, such that &=identity. Let H= {uEGI f(u,u-‘)#O}. It was 
shown in Section 10 of HLS that H is a subgroup of G, called the inertial 
subgroup for f; and that A = BoeH Kx, is a central simple KH-algebra. 
Moreover J = Oo.+* Kx, is the Jacobson radical of A, and so A, = A 0 J (as 
F-vector spaces) is the Wedderburn splitting of A,. Each “crossed product” 
algebra A, is isomorphic to K OF K as a left K OF K-module with the 
canonical action and in fact the algebras arising this way can be charac- 
terized as those F-algebras B such that B 1 K and B g K OF K as a K OF K- 
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module (see HLS). One of the more curious characteristics of these algebras 
is that in the case where the inertial subgroup H for f is normal in G, the K” 
central simple algebra A must be F-normal, that is, every automorphism of 
KH/F can be extended to an automorphism of A (see Theorem 10.3 of HLS). 
Under the equivalence relation introduced above the set of classes of weak 
2-cocycles from G x G to K forms a monoid (using pointwise 
multiplication), denoted M*(G, K). The subgroup of invertible elements of 
this monoid is the usual cohomology group H’(G, KX). Each of the idem- 
potents of this monoid is represented by a unique idempotent 2-cocycle, that 
is, a weak cocycle taking on only the values 0 and 1. If e is such an idem- 
potent cocycle, let Mz(G, K) = ([f] E M2(G, K)I [f] [eJ = [f] and there is a 
weak cocycle g such that [f][ g] = [e]}. Then Mi(G, K) is a group with 
identity [e] and M*(G, K) = 0, Mi(G, K) (disjoint) where the union is over 
all idempotent cocycles. There is a canonical group homomorphism 
H’(G, K) + Mf(G, K) given by [f] -+ [fe]. If H is the inertial subgroup for 
e, then H is also the inertial subgroup for each f whose class lies in 
Mz(G, K). The restriction &,, is an invertible cocycle and there is a group 
homomorphism M:(G, K) -+ H*(H, K”) given by [f] -+ [fl,,,,,]. On the 
algebra level this homomorphism amounts to reducing A, modulo its radical. 
These facts are proved in Sections 6 and 10 of HLS. 
Associated to each idempotent cocycle e there is a partial ordering on the 
G-set G/H, where H is the inertial subgroup for e, given by OH < TH if and 
only if e(a, CT-‘r) = 1. This ordering is lower subtractive, that is, given 
oH < rH, then oH < yH < rH if and only if a-‘yH < a- ‘rH. It is shown in 
Theorem 7.13 of HLS that there is a one-to-one correspondence between 
idempotents with inertial subgroup H and the lower subtractive partial 
orderings on G/H. The partial ordering associated to the idempotent e gives 
rise to a graph with vertices the left cosets of H in G in the obvious way. The 
purpose of this paper is to investigate some properties of the crossed product 
algebras arising from the properties of these graphs. In particular we prove 
in the third section that if the graph associated to e is a tree (that is has no 
cycles), then the homomorphism M:(G, K) + H2(H, K) described above is 
injective. On the algebra level this says that if two crossed product algebras 
arising from classes in Mz(G, K) are isomorphic modulo their radicals, then 
they are isomorphic. In the first section we show how by associating another 
graph to e the ideal structure of the algebras arising from Mz(G, K) can be 
determined. 
2. IDEAL STRUCTURE OF CROSSED PRODUCT ALGEBRAS 
Let K/F be a finite Galois extension of fields and let G = Gal(K/F). Let 
e: G x G + K be an idempotent weak cocycle. Let H be the inertial subgroup 
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of e. As indicated in the Introduction there is an associated partial ordering 
on G/H given by aH < tH if and only if e(a, a-‘r) = 1. We want to 
introduce another partial ordering associated to the cocycle e. 
THEOREM 2.1. Let e and H be as above. The relation defined on H\G by 
Ho < Hz if and only tfe(za- ‘, a) = 1 is a partial ordering. This ordering has 
the following property: Given Ho < Ht, then Ha < Hy < Hz if and only if 
Hyao’ < Hto-‘. 
Proof: These facts are proved in the same way as the analogous facts for 
the ordering on G/H are proved in Section 7 of HLS. We will confine 
ourselves here to showing the relation is well defined and transitive. To see 
that it is well defined we need to show that if e(ro-‘, a) = 1, then 
e(hsu- ‘k- ‘, ku) = 1 for all h, k E H. Such computations are made simpler 
by working in the associated algebra A, = GoEC Kx, described in the 
Introduction. We have x,x, = e(u, r) x,, for all u, r E G. If h E H, then 
XhXh-, = e(h,h-‘)x,=x, so xh is invertible. Hence if u E G we have 
xhx, f 0 so e(h, a) # 0, that is, e(h, a) = 1. Similarly e(u, h) = 1. Hence 
xh ro-lk-‘Xko = x~x,,-~x~- i xkx, =x&,-Ix,) = xhr as desired. To see tran- 
sitivity, suppose Ho < Hr and Hr < Ht. Then x~-~x, = xy and x,~-~x~= x,. 
Hence x, =x,y-lxy=x,y~lxyo~lx,. Thus e(ry-‘, yu-‘) # 0, so must be 1. 
Hence x,~-~x~-~x, = x,,~,x0, that is, Ha < Hz. a 
It is easy to pass between the two partial orderings associated with e. In 
fact, UH < tH if and only if Ha- *t < Hq as is readily calculated. Hence 
Ha < Hr if and only if tu-‘H < zH. 
We now proceed to investigate the ideals of A, for a weak cocyclej As we 
have noted the semi-simple part of .4, is in fact simple so the ideals of A, are 
all contained in the radical of A,. Hence they are nilpotent. 
LEMMA 2.2. Let I be an ideal of the crossed product algebra A,, where f 
is a weak cocycle. Then I = @ Kx, where the sum is taken over those u E G 
such that x, E I. 
Proof. Any ideal of A, is also a K OF K-submodule of A,.. A standard 
“minimal length” argument gives the result. 1 
LEMMA 2.3. Let f be a weak cocycle and let e be its associated 
idempotent, that is, [f ] E Mi(G, K). There is a one-to-one correspondence 
between the ideals of A, and the ideals of A, given as follows. Let 
A,= @oeG Kx, and A,=OosG Ky, be the usual decompositions. If I is an 
ideal of A,, I = @,qSI Kx,, then associate to I the ideal r= @,*,[ KY,. 
Proof. We first show i is an ideal. Let y, E j and let t E G. Then x, _E I 
and I 3 x,x, = f (a, r) x,, . If f (a, r) = 0, then e(u, r) = 0, so y,y, = 0 E I. If 
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f(a, t) # 0, then e(a, t) = 1 and y,y, = y,, . But {(c, r) x,, E 1, so x,, E I. 
Hence y,, E 1, as desired. Similarly y,y, E E so I is an ideal. In a similar 
way we can construct a map in the opposite direction: If S is an ideal of A,, 
s = O,“,S KY,, then let S’ = @Y,Es Kx,. Then S’ is an ideal of A,. Since it 
is clear that these two maps are inverses of each other, the lemma is 
proved. I 
For each 0 E G, let V,, = {rH E G/HIaH < ri?Z} and let VHO = 
{HrEH\GIHu<Hr}. 
PROPOSITION 2.4. Let e be an idempotent cocycle with inertial subgroup 
H. Let A, = OVEG Kx, be the usual decomposition. For each o E G, let I, be 
the ideal generated by x,. Then I, = OTHEYOH Kx, + OHTEYHo Kx,. Moreover 
every ideal I of A, is of the form I = CXOEI I,. 
Proof. The iast statement follows from Lemma 2.2. We proceed to show 
I, has the indicated form. We have I, = OXrE, Kx,. If x, E I,,, then by the 
K-independence of the x7, y E G, it follows that x,x,_,, = x, or x,,_,x, = x,. 
Hence aH < tH or Ha ,< Hz, that is, tH E V,, or Ht E V,,. The opposite 
inclusion is similar. 1 
As indicated in the Introduction we can associate a graph to the partial 
ordering on G/H with vertices the left cosets of H. Call this the left graph of 
e. In the same way we can construct a right graph with vertices the right 
cosets of H using the partial ordering introduced in this section. The 
description given in the proposition and Lemma 2.3 makes it clear that the 
ideals of A can be determined easily from the graphs associated to e, where 
"11,: &JO C onsider the following example. 
G be the dihedral group of order eight, G= 
(u, r/u’ = t4 = 1, ur = r”u). We will construct the graphs of an idempotent 
whose inertial subgroup is { 1 }, In the following figure the first graph is the 
left graph on G/{ I} (identified with G), and the second is the right graph on 
11 l\G. 
U 
1' 
UT UT2 
I I 
r3 r2 UT3 'I 
\I/ 
1 
U 
UT2 
/ 
UT 
/ 
r2 “:-\\773 
1 
274 DARRELL E. HAILE 
To check that the left graph is the graph of an idempotent cocycle with 
inertial subgroup { 1}, that is, that the ordering is lower subtractive, one can 
use the criteria in Theorem 8.2 of HLS. We leave this to the reader. Now let 
K/F be a Galois extension of fields such that G z Gal(K/F). Then the simple 
part of the algebra A, (and in fact of all of the algebras A, for 
[f] E M:(G, K)) is K. Using the proposition above it is easy to list the ideals 
of A, generated by the various xy, y E G: 
I,=Kx,, 
I, = Kx,, 
IT* = Kx,, 0 Kx,, 0 Kx,, 
I,, = Kx,, 0 Kx, > 
I,,, = Kx,,, 0 Kx,, 
I,,, = Kx,,, 0 KxuT2 0 Kx, 0 Kx,,. 
By taking sums of these, one can list all the proper ideals of A,. There are 
28. By Lemma 2.3 there are then 28 proper ideals in A, for any cocycle f 
whose class lies in Mz(G, K). 
There are more things that can be seen from the graphs. For example, the 
nilpotency degree of the radical of A, is the length of the longest chain in the 
left graph of e. (See Theorem 7.28 of HLS. In fact one can use either of the 
two graphs.) In our example then the nilpotency degree is 4. Another use of 
the graphs is the following result, the proof of which is left to the reader. 
PROPOSITION 2.5. Let f be a weak cocycle, and let e be the idempotent 
such that [f ] E M:(G, K). Let A, = OoeG Kx, as usual and let H be the 
inertial subgroup. Then the left socle of A, is the K-span of those x, such that 
aH is maximal in the ordering on G/H associated to e and the right socle is 
the K-span of those x, such that Ho is maximal in H/G. 1 
In the example above then the left socle is Kx, 0 Kx, 0 KxOr2 and the 
right socle is Kx, @ Kx, @ KxTl 0 Kx,, . 
3. THE TREE CASE 
In this section we look at the group Mz(G, K) in the case where the left 
graph of the idempotent e is a tree, that is, has no cycles. Since we will be 
using only the left graph, we will refer to it simply as the graph of e. In fact 
one could just as well use the right graph-the right graph is a tree if and 
only if the left graph is a tree. 
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The first lemma was proved in HLS in the case when the inertial subgroup 
is normal. We need the more general case here. In the rest of this section 
K/F is a Galois extension and G = Gal(K/F). If B is a semi-simple F- 
algebra, then a minimal faithfur B-module is ‘a faithful B-module of least 
dimension. Up to B-isomorphism there is a unique minimal faithful B- 
module. 
LEMMA 3.1. Let f: G x G -+ K be a weak cocycle. Let A,= A 0 J be the 
Wedderburn splitting. Then A, is a minimal faithful left A 0, A’-module 
under the canonical action. 
Proof. As indicated in the Introduction A is a central simple Kh-algebra, 
where H is the inertial subgroup forf: Let L = KH. Then L/F is separable, so 
A OF A0 is a semi-simple F-algebra, with center L @r L. We know Af is 
isomorphic to K OF K as a K 0, K-module, so in particular A, is a faithful 
K OF K module, hence a faithful L 0, L-module. Since L OF L is the center 
of A OF A’, it follows that A, is a faithful left A OF A’-module. 
For the minimality, let A,= @joeG Kx, as usual (so x,k = u(k) x, for all 
k E K and x,x, = f (0, t) x,,). If N is a proper submodule of A,, then N is a 
K OF K submodule, hence of the form N = OoEs Kx,, where S is a proper 
subset of G. Let t E G - S. There is a unique minimal idempotent e in 
K OF K such that (1 @ k) e = (T(k) @ 1) e for all k E K. A straightforward 
computation shows that for u E G and k E K we have (1 @ k) . (e . x,) = 
(1 630 ‘z(k)) . (e . xv). In particular if u # r, we have e . x, = 0. Hence 
e . N = 0, so N is not faithful. u 
COROLLARY 3.2. Let f, g: G x G + K be weak cocycles with the same 
inertial subgroup H. Let A,= A @J and A, = B 0 T be the Wedderburn 
splittings. Suppose A and B are isomorphic as KH-algebras. Then J and T 
are isomorphic as A OF A’-modules, under the canonical actions. Moreover 
there is a weak cocycle g such that g N g and g(a, z) = f (a, 5) if CT E H or 
r E H. 
Proox Let #:A+B be a K”-algebra isomorphism. Using the 
Noether-Skolem theorem we may assume @JK is the identity. If we view B as 
an A Of A’-module via this isomorphism, then 4 is an A ofi. A’-module 
isomorphism. By the proposition A, and A, are isomorphic as A OF A’- 
modules (again using 4 for the action on A,), since each is minimal faithful. 
By complete reducibility there is an isomorphism v/: A,+ A, that extends $. 
Let A, = BoeC Kx, as usual. It then follows that A, = Oocc Kw(x,). Also 
&x0) k = u(k) I for all k E K. Hence v(J) = T. If u E H, then x, E A 
and &J VW = 4(x,) VW = WC x,x,) = f (u, z) y~(x,,). Hence if we let g 
be the cocycle with respect o the decomposition A, = OoeG KI,v(x,), we have 
g - g and g(u, r) = f (a, r) if u E H or r E H as desired. 1 
276 DARRELL E. HAILE 
COROLLARY 3.3. If A, has a- split simple part, thftt is, A z M,(KH) for 
some n, then there is a cocycle f such that f N f and f (a, 5) = 1 if c E H or 
7 E H. 
Proof: Let e be the idempotent associated tof, that is, the unique idem- 
potent e such that [f ] E M:(G, K). Then as shown in the proof of 
Theorem 2.1, e(u, r) = 1 if u E H or 7 E H. Now apply the previous 
corollary. 1 
Now let e: G x G + K be an idempotent cocycle with inertial subgroup H 
and assume the graph of e is a tree. For g E G define the level of g, denoted 
I(g), to be one less than the length of the longest chain from H to gH. Since 
the graph is a tree, this chain is uniquely determined. The elements of level 
zero are precisely the elements of H. 
LEMMA 3.4. With the notation as above, suppose aH <gH. Then the 
level of u ~ ‘g is l(g) - l(u). In particular /(a- ‘g) < 1(g) and Z(u- ‘g) = 1(g) if 
and only if a E H. 
Proof. Let uH$u,H$u,H$ ..* $ u, H = gH be a saturated chain. 
Then I(g)= l(u)+ n. Let VoH= {zHIuH<zH} and u-v,, = 
(a-‘rHlzH E V,,}. By Theorem 8.2 of HLS, u-IV,, is connected and the 
canonical maps 7H + up ’ tH from V,, to up1 V,, and 7H + uyH from 
a-’ VoH to I’,, are order-preserving inverse isomorphisms. In particular it 
follows that H$u~‘u,Hj .*a $ u-‘uJ= a-‘gH is a saturated chain. 
Hence Z(u ’ g) = n = f(g) - I(u). 1 
Recall that for each idempotent cocycle with inertial subgroup H there is a 
homomorphism M:(G, K) -+ H’(H, K”) given by [f ] -+ [flHXH]. We can 
now state the main result of this section. 
THEOREM 3.5. Let e: G x G -+ K be an idempotent cocycle and suppose 
the graph of e is a tree. Then the homomorphism Mz(G, K) + H*(H, KX) 
described above is injective. 
Note. On the algebra level the result says that if the graph of e is a tree 
and if A, and A, are crossed product algebras arising from cocycles from 
Mz(G, K), then given that the simple components are isomorphic as KH- 
algebras, it follows that A, and A, are isomorphic F-algebras (in fact there is 
an isomorphism that fixes K). There are examples in HLS to show this is not 
necessarily the case if the graph of e is not a tree. 
Proof. Let [f ] E M:(G, K) and suppose flHXH - 1. In other words we 
are assuming the simple part of A, is split. We want to modify f by climbing 
up the tree a level at a time. Let k be the maximum of the levels of the 
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elements of G. For each n, 1 < n < k, we want to construct a cocycle f,, such 
that 
(1) ftl-f; 
(2) if a, /I E G have levels at most n, then f,(a, a -l/3) = e(u, a l/3), 
and 
(3) f,,(a, p) = 1 if a E H or /I E H. 
If we can do this, then f, = e and we are done. The sequence of cocycles is 
constructed inductively. The existence of a cocycle f, satisfying the 
properties is guaranteed by Corollary 3.3 Assume then that 1 ,< n < k and 
that f, has been constructed. We proceed to show how to construct f, + , . 
Since f, -f, we can decompose A,= eUEG Kx, so that x,x, = fn(u, t) x,,. 
The idea is to modify appropriately the x,, CJ E G. Let r E G have level 
n + 1. Choose CJ E G such that oH $ SH and oH and rH are adjacent, that is, 
if aH < yH < tH, then aH = yH or yH = zH. Since the graph is a tree there 
is a unique such coset aH. Then x,x,~‘, =fJu, u-‘5) x,. Let y, = 
f,(u, a-‘+q If r E G and I(s) # n + 1, then let y, =x,. Then 
A,= @oe Ky, and we define f,, , with respect to this decomposition, that is, 
Y,Y, =fn+ ‘(u, T) Y,, for all u, r E G. 
We claim f, +, has the desired properties. The first property is clear. If 
a, p E G have levels at most n, then f,,, , (a, a ~ ‘p) =f,,(a, a-‘/l) = e(a, a-‘/?). 
Also it is clear that if a, p E G, then f,, + ‘(a, /3) = 0 if and only if e(a, p) = 0. 
Hence to prove the second property it suffices to show f,,, ,(a, a- ‘/I) = 1 
when aH<bH and lU?)=n + 1. 
First assume aH </3H are adjacent, that is, l(a) = n. Then a = ah for 
some h E H, where u was the element chosen to define y, above. Since 
.!(a-‘/?)= l<n+l, we have yaya-I,, = x,x,-lfi = x,,$h-lo-l4 = 
x,x~x~~,x,+~ = fn(u, a-‘/?) x0 = y, where we have used the third property 
for f, . 
Now assume 0 < l(a) < n. Let UH < /IH be adjacent, so that aH < uH. By 
lower subtractivity a- ‘uH < a- ‘PH. Since .!(a ~ ‘p) = I(J) - I(a) < n, we 
have f,+‘(a-‘a, a-‘/?) =f,,(a-‘a, a’/?) = 1. Thus y,~,-,~ = y,y,~,,y,~,, = 
y,y,-,, = y, where the last equality follows from the previous case. 
Finally assume Z(a) = 0, that is, a E H. Then /(a -‘p) = n + 1. As above 
let UH <pH be adjacent and obtain a-‘uH < a-‘/3H. Since Z(a-‘a) = n, we 
see that a-‘uH and a-‘/?H are adjacent. Hence by the first case 
y,~,0yo~14 = y,-,,. The rest of the argument is the same as in the previous 
case. 
We are left with verifying the third property. Let h E H, /? E G. If 
I@) # n + 1, then f,, ,(h, p) = f,(h, p) = 1. Similarly f, + ,(j?, h) = 1. So 
assume r(p) = n + 1. Then f,+,(h,/?) =f,,+,(h, k’(h/l)) = 1 by the second 
property for f, + , . It suffices then to show f,, ,(J?, h) = 1. Let aH < PH be 
adjacent. Again by the second property for f,,, , we have f,, + ,(a, a-‘/?/z) = 1. 
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Hence Y,, = yaya-lbh = Y,Y,-l,Yh = Y,Yh where we have used 
/(a-‘/3) < n + 1 and the second property. 1 
COROLLARY 3.6. If F is a finite field and K/F is a finite extension with 
Galois group G, then Mz(G, K) = { [e] } f or each idempotent e whose graph is 
a tree. 
Proof. This is clear since H2(H, K”) = 0 in this case. 1 
If the inertial subgroup H for e is normal, then it was shown in Theorem 
10.3 of HLS that the image of Mz(G, K) in H*(H, KX) lies in the subgroup of 
classes corresponding to normal KH-algebras, that is, central simple K”- 
algebras A with the property that every automorphism of K”/F can be 
extended to an automorphism of A. Cohomologically this subgroup is 
H’(H, Kx)“” where G acts on H’(H, KX) in the usual way. (See [ 1,2,4] for 
details.) There are homomorphisms H’(G, KX) + Mz(G, K) given by 
[f] + [fe] and M:(G, K) + H*(H, Kx)“” given by [f] + [f],.,]. The 
composite map is just the usual restriction. The following result is then 
immediate. 
COROLLARY 3.7. Under the assumptions of the theorem ifH is normal in 
G and the restriction map H2(G, KX) -+ H2(H, Kx)GfH is subjective, then 
M;(G, K) 2 H2(H, Kx)““. 
Note. The conditions of this corollary are satisfied for example when H 
is normal and G/H is cyclic. (See [2]). 
Finally it should be pointed out that trees abound. For example, for any 
subgroup H of G the Waterhouse cocycle eH is the idempotent cocycle such 
that eH(u, r) = 1 if and only if (5 E H or r E H. Since every coset has level at 
most one, the graph is a tree. This example and other examples of trees are 
discussed in HLS. Returning to the example of Section 2, when G is the 
dihedral group of order eight and H is the trivial subgroup, the following is a 
tree graph corresponding to an idempotent, as can be verified by applying 
Theorem 8.2 of HLS. 
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